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The concept of topological insulator (TI) has introduced a new point of view to condensed-matter
physics, relating a priori unrelated subfields such as quantum (spin, anomalous) Hall effects, spin-
orbit coupled materials, some classes of nodal superconductors and superfluid 3He, etc. From a
technological point of view, topological insulator is expected to serve as a platform for realizing
dissipationless transport in a non-superconducting context. The topological insulator exhibits a
gapless surface state with a characteristic conic dispersion (a surface Dirac cone). Here, we review
peculiar finite-size effects applicable to such surface states in TI nanostructures. We highlight the
specific electronic properties of TI nanowires and nanoparticles, and in this context contrast the
cases of weak and strong TIs. We study robustness of the surface and the bulk of TIs against
disorder, addressing the physics of Dirac and Weyl semimetals as a new perspective of research in
the field.
PACS numbers: 71.23.-k, 71.55.Ak,
I. INTRODUCTION
Topological insulator1–3 enables dissipationless trans-
port in a non-superconducting context. It may allow for
fixing “neutrinos” in semiconductor chips. Known ex-
amples of the topological insulator are such materials as
Bi2Se3,
4 Bi2Te3,
5 and many of their relatives.6,7 These
are three-dimensional (3D) bulk materials under the in-
fluence of relatively strong spin-orbit coupling.
In the bulk of a sample, a topological insulator is, at
least superficially, not different from a normal band insu-
lator, while on the surface, it is quite different. A topo-
logical insulator exhibits a gapless surface state, the en-
ergy of which traverses the bulk energy gap. It is often
said that the bulk energy gap of a topological insulator is
“inverted,”8,9 in comparison with the normal one, though
giving a precise meaning to this phrase needs further for-
mulation of the bulk effective Hamiltonian.10,11 Whether
the gap is inverted or not is specified by a winding (topo-
logical) number that encodes the bulk band structure,
and is in one-to-one correspondence with whether the
system exhibits a gapless surface state (bulk-boundary
correspondence).12
The surface state of a topological insulator exhibits a
gapless spectrum often represented by the word, “Dirac
cone,” described by an (effective) 2D gapless Dirac equa-
tion. Dirac electrons represented by such a Dirac equa-
tion must have an active spin degree of freedom, either
real or fictitious. In the case of graphene, another plat-
form for realizing such 2D Dirac electrons, this role is
played by the sublattice degrees of freedom. Here, on
the surface of a topological insulator, the spin is real,
and since its direction is locked to the momentum (spin-
to-momentum locking), the corresponding Dirac cone is
often said to be helical. On generically curved surface of
topological insulator samples of an arbitrary shape the
same spin is also locked to the local tangent to the sur-
face (spin-to-surface locking). In topological insulator
nanostructures this second type of locking that is effec-
tive in real space plays an important role in determining
the low-energy spectrum of the surface Dirac states. In
the first half of the paper we review such finite size effects
associated with the spin-to-surface locking.
Another aspect of the 3D topological insulator is that
it has two subclasses: weak and strong.13–15 The strong
topological insulator exhibits a single, or more generally,
an odd number of Dirac cones on its surface, while its
weak counterpart exhibits an even number of Dirac cones
in the surface Brillouin zone. A single Dirac cone is ro-
bust against disorder, while an even number of Dirac
cones could be more easily destroyed.16,17 However, be-
ing robust does not necessarily mean useful.18,19 Recall
the case of semiconductor vs. metal. Metal is always
conducting, while semiconductor is either conducting or
insulating, depending on the concentration of impurities.
This fragility of the semiconductor makes it more useful
than a metal, at least for some purposes, say, for function-
ing a transistor. The case of weak topological insulator
is somewhat similar; the fragility of the even number of
Dirac cones makes controllable the Dirac electrons emer-
gent on the surface of a weak topological insulator. In
the second half of the paper we argue that this control-
lability of the weak topological insulator surface states
allows for constructing a dissipationless nanocircuit sim-
ply by patterning its surface (by the use of lithography
and etching).
II. PECULIAR FINITE SIZE EFFECTS IN
TOPOLOGICAL INSULATOR SURFACE STATES
— PART 1: THE STRONG CASE
The helical Dirac electron emergent on the surface of a
topological insulator is described, in the k ·p approxima-
tion, by the following effective surface Dirac Hamiltonian,
Hsurf = v(pyσz − pzσy). (1)
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FIG. 1: Schematic energy spectrum of a prism-shaped topo-
logical insulator nanowire. (a) As a consequence of the spin
Berry phase pi, the spectrum of the surface state is gapped.
(b) the same spectrum becomes gapless in the presence of an
external flux pi inserted along the axis of the prism so as to
cancel the Berry phase.
Here, the surface is chosen to be normal to the x-axis,
and v is the velocity of a Dirac electron. The 2 × 2 ma-
trix structure of Eq. (1) is due to the real spin degree of
freedom. The form of Eq. (1) implies that momentum
eigenstates have a spin oriented perpendicular to the di-
rection of the momentum. Or, the other way around
the spin is locked to the momentum: spin-to-momentum
locking. This is the reason why the corresponding Dirac
cone is said to be helical.
Another feature encoded in the explicit form of Eq. (1)
is that the spin of the momentum eigenstates has no out-
of-plane component. The spin is indeed locked (in-plane)
to the surface. This feature, sometimes represented by
the word, spin-to-surface locking holds also true on gener-
ically curved surfaces of a sample of arbitrary shape.20,21
Here, we will focus on cases of cylindrical and spherical
shaped samples, in particular.
A. Intrinsic Aharonov-Bohm effect
Here, let us first focus on the cylindrical case. By
that we mean targeting physically a topological insulator
nanowire. On the cylindrical surface of such a nanowire
Eq. (1) is modified as,22
Hsurf = v
 0 −ipz + ~R (−i ∂∂φ + 12)
ipz +
~
R
(
−i ∂∂φ + 12
)
0
 ,
(2)
where R is the radius of the cylinder. The additive factor
1/2 that appears in the two off-diagonals of Eq. (2) is
a spin Berry phase encoding the constraint on the direc-
tion of spin as a consequence of the spin-to-surface lock-
ing. When a Dirac electron moves around the curved,
cylindrical surface of the topological insulator nanowire,
the spin-to-surface locking constrains the direction of the
spin to follow the change of the tangential surface. As
a result, when an electron completes a 2pi rotation in
the configuration space, its spin also performs a 2pi rota-
tion in the spin space, while the spin is naturally double-
valued. This explains the origin of the additive factor
1/2, or in other words, a Berry phase pi.19,20,22,23
The orbital part of an electron state on the surface of
a cylindrical topological insulator is represented as
ψ(φ, z) = e
i
~ (Lzφ+pzz), (3)
where Lz = pφR is the orbital angular momentum in the
z-direction, along the axis of the cylinder. The Berry
phase pi modifies boundary condition with respect to the
polar angle φ from periodic to anti-periodic, i.e.,
e
i
~Lz(φ+2pi) × (−1) = e i~Lzφ. (4)
This leads to the following quantization rule of the orbital
angular momentum:
Lz
~
= ±1
2
,±3
2
, · · · . (5)
In this half-integral quantization Lz = 0, and therefore,
pφ = 0 is not allowed. On the other hand, the spectrum
of the surface states takes the following Dirac form,
Esurf = ±v
√
p2φ + p
2
z. (6)
Combining Eqs. (5) and (6), one is led to convince oneself
that the spectrum of the cylindrical topological insulator
is generically gapped [see also a gapped spectrum shown
in FIG. 1 (a)]. The spectra shown in FIG. 1 are calcu-
lated using tight-binding implementation of the bulk 3D
topological insulator of a rectangular prism shape.22
The magnitude of this energy gap does not decrease
exponentially as the increase of the size of the system,
in sharp contrast to the case of the usual hybridization
gap.24 The energy gap ∆E = v~/R ∝ R−1 decays only
algebraically as a function of the size of the system. In
typical TIs (Bi2Se3, Bi2Te3), the Fermi velocity v ' 4×
105m/s ' c/7500, and the gap is expected to be visible
for R . 10−7m, at 1 K.
The spin Berry phase pi can be interpreted such that a
fictitious magnetic flux is induced and pierces the cylin-
der. Indeed, the additive factor 1/2 that appears in the
3(a) (b)
FIG. 2: Topological insulator nanoparticles as an “artificial atom.” Spatial profile of some low-lying electron states of this
artificial atom. The antiperiodic version of the (a) s-type, (b) p-type orbitals are shown. To highlight their characters, the
orbitals are painted in red (in blue) when the real part of the wave function is positive (negative).
two off-diagonals of Eq. (2) can be regarded as a vector
potential
A =
Φ
r
φˆ, (7)
created around a flux tube of strength Φ, identical to
half of a flux quantum Φ0 = h/e. This corresponds to
the Berry phase,
α = 2pi
Φ
Φ0
= pi. (8)
An electron on the cylindrical surface does not touch
the fictitious flux itself, since the fictitious flux tube is at
the deep inside of the cylinder. Yet, quantum mechani-
cally, the spectrum of the surface state is still influenced
by this effective flux; the electron feels a vector potential,
and its spectrum affected by the vector potential, even
when there is no magnetic field at any positions where
the electron is allowed to exist (Aharonov-Bohm effect).
Here, the effective flux is induced by a constraint on spin
of the surface state. Thus, the electron on the cylindri-
cal surface induces an effective flux, while its quantum
mechanical motion is influenced by the flux the electron
itself created; therefore, the name intrinsic Aharonov-
Bohm effect. To confirm this scenario we repeated the
same numerical simulation in the presence of a real ex-
ternal magnetic flux designed to cancel the fictitious one;
Eq. (8). As expected, the spectrum of the surface state
becomes gapless, once the Berry phase pi is cancelled by
the external flux [see FIG. 1 (b)].
Related experimental results in Bi2Se3 nanowire have
been reported in Refs. 25, 26.
B. Topological insulator nanoparticles as artificial
atom
Magnetic monopoles do not exist in nature. This is
what we learn in courses of elementary electromagnetism,
and the statement is, of course, true at the microscopic
level. In a matter, however, Maxwell equations are mod-
ified, or at least it is convenient to replace them with
effective equations. Then, depending on the nature of
effective media, analogues of a magnetic monopole can
appear. This indeed happens in case of the spherical
topological insulator.
Similarly to the cylindrical case [Eq. (2)], on a spheri-
cal surface of a topological insulator Eq. (1) is modified
to27
Hsurf =
v
R
[
0 −∂θ + i∂φsin θ − 12 cot θ2
∂θ +
i∂φ
sin θ − 12 tan θ2 0
]
.
(9)
There are corrections due to the spin Berry phase in the
off diagonals of Eq. (9). Here, in the spherical case,
they are understood as a vector potential associated with
a magnetic monopole. The explicit form of the vector
potential differs, depending on the choice of the gauge
such that
AI =
g
4pir
tan
θ
2
φˆ (10)
when the singularity (the Dirac string) is chosen on the
−z axis, while
AII =
−g
4pir
cot
θ
2
φˆ (11)
when the Dirac string is on the +z axis. In consistent
with the Dirac quantization condition, Eq. (9) corre-
sponds to the case of an effective magnetic monopole of
strength g = ±2pi (the smallest value compatible with
the Dirac quantization condition). The electron on the
surface of a spherical topological insulator behaves as if
there is an effective magnetic monopole at the center of
the sphere.
The spherical topological insulator models naturally
a topological insulator nanoparticle. Taking it, there-
fore, as an artificial atom, let us focus on its low-lying
electronic levels. The angular part of the wave function
is described by an anti-periodic analogue of the spher-
ical harmonics. A few examples are shown in FIG. 2,
where α(θ, φ) = eimφαnm(θ) represents the angular de-
4pendence of a surface eigenfunction, specified by quan-
tum numbers n, m. An analogue of the s-orbital is
α0 12 =
[
α0 12+
α0 12−
]
=
1√
4pi
[
cos θ2
− sin θ2
]
, (12)
[see FIG. 2, panel (a)], while
α0 32 =
√
3
2pi
[
sin θ2 cos
2 θ
2
− sin2 θ2 cos θ2
]
(13)
can be regarded as an anti-periodic version of the p-
orbital [panel (b)]. Further details on such “monopole
harmonics”28 and the spectrum of the artificial atom are
given in Ref. 27.
Nh
FIG. 3: Pattering the surface of a weak topological insula-
tor allows for constructing nanocircuits of 1D dissipationless
channels. See also Ref. 18.
III. PECULIAR FINITE SIZE EFFECTS IN
TOPOLOGICAL INSULATOR SURFACE STATES
— PART 2: THE WEAK CASE
The specificity of a 3D topological insulator is that it
can be either weak or strong as mentioned in the Intro-
duction. The strong topological insulator (STI) exhibits
typically a single Dirac cone, while the weak topological
insulator (WTI) exhibits an even number of Dirac cones
in the surface Brillouin zone. A single Dirac cone cannot
be confined (Klein tunneling), while an even number of
Dirac cones can be confined. Therefore, in a STI the sin-
gle Dirac cone is extended over all the surfaces. That is
actually the situation we have considered so far in Sec.
II. In a WTI, on the contrary, some surfaces are metal-
lic (gapless as a consequence of an even number of Dirac
cones), while others are not (no Dirac cone on such sur-
faces).
The WTI is characterized by three weak indices ν1,
ν2, ν3.
29 The surfaces normal to the direction specified by
ν = (ν1, ν2, ν3) are gapped (no Dirac cone). In this sense,
the WTI is by its nature anisotropic, and can be regarded
as a layered material. In the following we demonstrate
that the WTI surface states are susceptible to various
even/odd features in regard to the number of atomic lay-
ers stacked in the direction of ν.
(a)
(b)
FIG. 4: Spatial profile of low-lying electronic wave function
along a step of height (a) one, (b) two. (a) realizes a perfectly
conducting channel. See also Ref. 18.
A. Even/odd feature
To highlight the even/odd feature we first consider the
spectrum of a WTI sample with top, bottom and side sur-
faces. The top and bottom surfaces are oriented normal
to the z-axis. To realize a typical situation we assume
that the top and bottom surfaces are gapped surfaces (no
Dirac cone). We then consider electronic states on a side
surface here chosen to be on the zx-plane. The two Dirac
cones are typically located at kz = 0 and at kz = pi. Low-
energy electron states at or in the vicinity of the Dirac
points may be represented by a plane wave:
ψ1 = e
i(kxx+q1z),
ψ2 = e
i[kxx+(pi+q2)z]. (14)
Here, the crystal momentum q1 or q2 of the electron is
measured from the corresponding Dirac cone. Now, if
we consider the presence of top and bottom surfaces, lo-
cated, say, respectively at z = Nz and z = 1, we need to
confine the above electron in the region of 1 ≤ z ≤ Nz,
i.e., we impose the boundary condition such that the
wave function of the surface state ψ that may be ex-
pressed as a linear combination of ψ1 and ψ2 satisfies
ψ(z) = c1ψ1 + c2ψ2,
ψ(z = 0) = 0, ψ(z = Nz + 1) = 0. (15)
To cope with the boundary condition at z = 0, we choose
the constants c1 and c2 such that c2 = −c1 = 1. Also,
5at a given energy E one can set q1 and q2 such that
q2 = −q1 ≡ q. We are then left with
ψ(z) = eikxx
[
eiqz − (−1)ze−iqz] , (16)
and this must vanish at z = Nz + 1. Therefore, for Nz
odd,
q = ± pi
2(Nz + 1)
2n (17)
where n = 0,±1,±2, · · · can be an arbitrary integer.
Similarly, for Nz even, the vanishing of Eq. (16) at
z = Nz + 1 implies
q = ± pi
2(Nz + 1)
(2m− 1) (18)
where m = 1, 2, 3, · · · , and ±(2m−1) is an arbitrary odd
integer. Since the spectrum of the surface state is given
as
E = ±v
√
k2x + q
2, (19)
Eqs. (17), (18) signify that the surface spectrum is gap-
less for Nz odd, while it is gapped when Nz is even.
30,31
Also, note that replacing Nz with Nh, one can equally
apply Eqs. (17) and (18) for characterizing the 1D heli-
cal modes that appear along a step formed on the surface
of a WTI18; c.f. FIG. 3 and discussion given in the next
section.
B. Dissipationless nanocircuit, or 1D perfectly
conducting channel
We have so far argued that WTIs are susceptible to a
specific type of size effect that is strongly dependent on
the parity of the number of layers stacked in the direc-
tion of ν = (ν1, ν2, ν3). Here, we demonstrate that this
even/odd feature makes indeed a WTI more useful than
an STI. We consider the following Wilson-Dirac-type ef-
fective Hamiltonian on the cubic lattice,
Hbulk = v
∑
µ=x,y,z
sin kµ τx ⊗ σµ +m(k) τz ⊗ 12,
m(k) = m0 +
∑
µ=x,y,z
2m2µ(1− cos kµ), (20)
where two types of Pauli matrices σ and τ represent real
and orbital spins, respectively, and 12 is 2 × 2 identity
matrix. We have chosen the parameters m0 = −v, m2x =
m2y = 0.5v, m2z = 0.1v, and v = 2, so that a WTI
with weak indices, ν = (0, 0, 1) is realized.30 By simply
patterning the surface of a WTI (see FIG. 3) one can
realize a nanocircuit of 1D perfectly conducting channel.
The even/odd feature on the spectrum of a WTI sam-
ples with side surfaces is equally applied to a system with
atomic scale steps on the gapped surfaces.18 In FIG. 4 we
show the spatial profile of the wave function of some low-
lying states in a geometry with an atomic scale step. In
panel (a) the height of the step Nh is 1, while in panel
(b) the step is 2 atomic scale high. As shown in the two
panels, the wave function has strong amplitude along the
step when Nh is odd, while visibly no weight in the step
region when Nh is even.
These 1D channels that appear when Nh is odd, is also
shown to be helical, and robust against non-magnetic
disorder.18,32,33 In a supplemental material34 we demon-
strate the robustness of such an odd number of channels
against disorder. Related to this, the robustness of the
underlying WTI has been also studied;35,36 see also Sec.
IV. In any case such a nanocircuit that appears on a pat-
terned surface of WTI is perfectly conducting not only
in the clean limit but also in the presence of disorder.
Therefore the 1D perfectly conducting channel is stable
at least within the phase coherence length; to estimate
the order of its magnitude, note that this is typically 200
nm, for Bi2Se3 at 5 K.
37
Recently, WTI has been discovered experimentally in
a bismuth-based layered bulk material, Bi14Rh3I9, built
from grapheme-like Bi-Rh sheets.38 Other candidates
for WTIs are layered semiconductors,39 superlattices of
topological and normal insulators.40–42 The superlattice
has been considered also in different contexts; e.g., as a
protocol for realizing a Weyl semimetal,43 and is indeed
fabricated experimentally.44 Still another possibility to
realize a WTI-like situation is to use topological crystal
insulators.45–48 These are close relatives of the standard
topological insulator, protected by crystalline symmetries
instead of the time reversal symmetry.
IV. CONCLUDING REMARKS
In Sec. II we have highlighted the enhanced size ef-
fect characteristic to Dirac electrons emergent on the sur-
face of topological insulators. In the classification of 3D
topological insulators to weak and strong categories, this
size effect was particularly applicable to the strong case.
This type of size effect also plays the role of protecting
the surface state from surface roughness.49 In Sec. III
we discussed that weak topological insulators are sus-
ceptible to a different type of size effect that shows an
even/odd feature with respect to the number of layers
in the stacking direction. This even/odd feature indeed
makes weak topological insulators more useful than strong
topological insulators. By simply patterning the surface
of a weak topological insulator, one can achieve dissipa-
tionless transport in a non-superconducting context, i.e.,
nanocircuits of 1D perfectly conducting channels.
While in this paper we have focused on the clean limit,
the helical nature of the surface Dirac electron is respon-
sible for its robustness against disorder. Because of the
spin-to-momentum locking, backscattering is forbidden;
for an incident state with momentum k, the reflected
state with −k state has a spin part orthogonal to that
of the initial state, hence absence of backscattering.50
The gapless 2D Dirac semimetal is known to possess un-
6usual robustness against disorder.51–53 A slightly differ-
ent question is how robust is the topological classification
of bulk in the clean limit against disorder. In Ref. 35 we
have addressed this issue numerically and show that the
concept of weak as well as strong topological insulators
remains valid at finite disorder. Then, in a more recent
paper, Ref. 54, we have extended this study to show that
not only such distinct topological phases but also a 3D
Dirac semimetal that appears at their phase boundary
show some robustness against disorder. A similar re-
sult has been obtained also for a Weyl semimetal.55 To
highlight such Dirac and related Weyl semimetals, espe-
cially in the context of their robustness against disorder
is a new trend in the field both theoretically56,57 and
experimentally.58,59
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